
906 AIAA JOURNAL VOL. 10, NO, 7

Interference of Wing and Multipropellers
L. TING,* C. H. Liu,f AND G. KLEINSTEINJ

New York University, Bronx, N.Y.

A systematic procedure is presented for the analysis of the interference of a wing with multipropellers. The
assumptions are made that the radius of the propeller and the chord are of the same order and both
are much smaller than the span. Using the chord to span ratio as the small expansion parameter, the
local two-dimensional solution for the sectional lift to angle-of-attack relationship is uncoupled from the
outer three-dimensional solution in the spirit of Prandtl's lifting line theory. Details of the nonuniform stream
behind the propellers enter into the local sectional analysis. For the outer solution, the planform of the wing
reduces to the lifting line and the stream behind the propellers reduces to a thin sheet of a jet carrying
the sectional momentum gained across the propellers and supporting a pressure difference across the sheet.
By representing the thin sheet of a jet as a vortex sheet, an integral equation is obtained. When the
momentum gain across the propellers is not too large, the integral equation can be further simplified. Several
numerical examples are presented to demonstrate the versatility of the analysis.

Introduction

IN the classical analyses1'2 of the influences exerted by a
propeller on a wing, the following assumptions are usually

introduced in addition to those for the lifting line theory3: 1)
the stream behind the propeller is confined inside a circular
cylindrical stream tube, 2) the cylindrical propeller stream is
extended from upstream infinity (x = — oo) to downstream
infinity (x = oo), 3) the velocity 17, inside the propeller stream
is uniform, and 4) the relationship between the sectional lift
and the angle of attack is based on that of a two-dimensional
airfoil in a uniform stream of velocity 17 ,̂ and V3 for sections
outside and inside the propeller stream, respectively. These
assumptions are shown by the sketches in Fig. 1. Assumptions 1,
2, and 3 are essential for the three-dimensional analysis. Based
on assumption 2, the downwash at the lifting line is related
to that in downstream infinity, the Trefftz plane. Based on
assumption 3, the solution inside as well as that outside the
propeller stream are potential solutions. Finally the boundary
conditions across the contour dividing these two potential
solutions are fulfilled by the use of simple images due to
assumption 1.

Attempts to improve the classical analysis were made by
replacing the lifting line with the lifting surface using Weissinger's
approximation.4 General formulations were presented for the
lifting surface theory.5 Extension of the classical analysis to non-
overlapping multipropellers can be made by accounting for the
images and the mutually induced images of a vortex distribution
in the Trefftz plane due to each circular jet behind each pro-
peller. The computation is tedious even for two propellers. When
the streams behind the propellers partially overlap each other
the classical analysis can be carried out in the Trefftz plane
after the outer contour of the stream behind the overlapping
propellers is mapped into a circle. This represents a generaliza-
tion of assumption 1. When the contour of the propeller
stream is an ellipse analyses are carried out6'7 by the technique
developed for elasticity problems.8 Solutions for the same
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problem with an extra restriction that the wing spans the foci of
the elliptical contour are given in Ref. 9.

To assess the accuracy of assumption 4, numerical investiga-
tions of an airfoil in a two-dimensional nonuniform stream
were carried out.10'11 Figures 2 and 3 illustrate typical results
of the analysis. Figure 2 shows the lift variation of a flat plate
with chord C at a small angle-of-attack a as a function of the
ratio h/C where 2h is the sectional height of the propeller
stream with uniform velocity Uj submerged in a uniform stream
of velocity U^. The ratio of the sectional lift with that in a
uniform stream of velocity U^ increases from unity to (Uj/U^)2

as h/C increases from zero to infinity. The latter limit corresponds
to the case when the plate is in a uniform stream of velocity
Uj. In a propeller stream, the ratio h/C ranges from zero to at
most unity, therefore, the lift ratio is well below (Uj/U^)2 which
would be the value implied by assumption 4. Figure 3 shows the
lift and angle of attack relationship for a Joukowski profile in a
nonuniform stream in the x — z plane with an upstream velocity
profile

C7(z)/C/00 = l + aexp[-(z/b)2] (1)
This simulates a sectional velocity profile behind a propeller
with velocity distribution

V{y,z)/Vm = 1 + {[17(0,0)-17 J/17J e-^2+z2)'b2 (2)
where y denotes the spanwise distance from the center of the
propeller stream and the exponential decay length b is of the
order of the propeller radius. The parameter a in Eq. (1) can

Uoo

SECTION A-A SECTION B-B Fig. 1 Schemes for classical
analysis.
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Fig. 2 Effect of sectional height of a propeller stream on the lift for a
flat plate.

be identified as [(y(0,0)-[7j/L^exp[-//b2]. At different
x — z sections from the center to the outer fringes of the
propeller stream, the parameter a takes on various values from
L/(0, Oyif^ — 1 to zero. In Fig. 3, the mapping circle for the
Joukowski profile is centered at x = — r0/10, z = r0/10 with r0
as its radius. The ratio 17(0,0)717^ is chosen to be 2 and the
exponential decay length b is equal to C/1.81. The two dotted
lines in the figure are the lift coefficient curves for the airfoil
in a uniform stream of velocity U^ and 217^, respectively. As
shown in the figure the lift coefficient curves for different
sections of the propeller stream have different slope and zero
angle of attack. Similar to the example in Fig. 2 the lift
coefficient curves at different sections in the propeller stream
cannot be the same as implied by assumption 4.

This objection to assumption 4 can be overcome by perform-
ing the sectional two-dimensional analysis with an appropriate
nonuniform upstream velocity distribution. This modification of
assumption 4 has been carried out in Ref. 12 and the numerical
examples therein demonstrate that the correction due to the
modification of the sectional lift characteristics is significant.
Furthermore, when the velocity behind is nonuniform, e.g. given
by Eq. (2), the surface dividing the propeller stream with the
outer stream is not clearly defined. For this case, both
assumptions 1 and 3 are violated. Indeed, in the three-
dimensional analysis of Ref. 12, it becomes necessary to replace
the propeller stream by one fulfilling assumption 1 and 3, i.e.,
to define with a certain degree of arbitrariness the radius and
the mean velocity Uj of the equivalent cylindrical propeller
stream.

From previous studies, it is clear that the four assumptions
in the classical analysis are justifiable for a single propeller
with radius rather large as compared to the chord and placed
ahead of the body, i.e., well ahead of the wing. For modern
airplanes with multipropellers, the propellers are placed near the
wing, their diameters are nearly the same size as the chord
and the velocity behind the propellers is not uniform, therefore,
the applicability of these four assumptions to wings with multi-
propellers is in serious question. It is evident that the analysis
of the interference of the wing with multipropellers cannot be
accomplished by adopting the classical scheme for a single
propeller with minor modifications. It is the purpose of this paper
to present a new approach to the wing and multipropeller
interference problem without relying on any of the afore-
mentioned four assumptions. Simplifications are achieved by
utilizing only the fact that the radii of the propellers are of
the order of the chord and are much smaller than the span. It is
the intention, to be substantiated later, that the proposed
analysis will be applicable for any locations of the propellers
relative to the wing, for overlapping or nonoverlapping propeller
streams and for any velocity distribution behind the propellers
which is either uniform with a discontinuity across the surface

dividing the propeller stream and the outer stream or is non-
uniform and merging smoothly into the outer stream.

In the next section, a new scheme is proposed and the governing
equations are derived by relying on physical intuitions in the
spirit of Prandtl's lifting line theory. In the subsequent section a
systematic expansion scheme is presented with the ratio of the
chord to the span as the small parameter. The systematic
expansion scheme confirms that the governing equations
obtained from physical intuitions are the equations for the
leading terms in the asymptotic expansions, shows the condition
under which these governing equations can be further simplified
and permits the calculation of the higher order terms if required.

Formulation of the Scheme on Physical Intuitions
For modern airplanes with multipropellers, the radii of the

propellers are of the order of the chord which is much smaller
than the span. Since Prandtl's lifting line theory is formulated
on the condition of a small chord to span ratio, some high-
lights of Prandtl's theory will be restated so that they can be
used to guide the formulation of the scheme for the wing and
multipropeller interference problem.

Highlights of Prandtl's Lifting Line Theory
In Prandtl's theory, the planform of the wing in the three-

dimensional flowfield with the span as the length scale reduces
to a line located along the y axis from y = — S to y = S. The
variations in the sectional geometries of the wing are sum-
marized into one function, the circulation distribution T(y).
The downwash w(0, y, 0) induced by the lifting line and its trailing
vortex sheet is related to the circulation by the integral equation

4nj-s y-n (3)

where S is the half-span. The circulation at each spanwise
station is related to the sectional lift L(y) or the lift co-
efficient CL* as follows

T(y) = L(y)/(pUJ = ±Uw C(y)CL*(y, a) (4)
where CL* is the lift coefficient of the local airfoil section in a
two-dimensional uniform stream at an effective angle of attack
u(y). The flow inclination w^O^Oyf/^ at the lifting line is
identified as the inclination of the upstream flow in the local

u°°-[oU« Uty.z^UooJj + atylexpf-zWJ]

^^ aU^£1

Fig. 3 Sectional lift coefficients for a Joukowski airfoil in a nonuniform
stream.
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sectional analysis and a(y) is related to the geometrical angle
of attack ag

the last equation is known as Prandtl's hypothesis. Equations
(3-5) are the governing equations for Prandtl's theory. Several
points inherent in Prandtl's theory will now be re-emphasized:

a) The solutions are independent of the precise locations of
the leading and trailing edges of the wing so long as their
distances from the lifting line are of the order of chord and the
chord variation C(y) remains unchanged.

b) In the derivation of Eq. (3), the trailing vortex sheet has
been assumed to extend from the lifting line downstream along
the direction of the undisturbed stream. This assumption which
is equivalent to the linearization of the boundary condition, is
valid if the inclination of the disturbed stream line is small
where the distance from the lifting line is of the order of the
span or larger.

c) The theory does not require the assumption of a thin airfoil
in the local two-dimensional analysis. Therefore, the disturbed
flow inclination near the airfoil, i.e., of the order of the chord,
can be finite. The theory requires only the knowledge of the
sectional lift coefficient CL*(y,a). There are methods available
for the determination of CL* for an airfoil section of finite
thickness at finite angle of attack or with a flap at a finite
deflection angle, namely, the method of conformal mapping or
two-dimensional numerical analysis. Of course, the determina-
tion of CL*(y, a) can be much more tedious than the solution
of the lifting line equations, Eqs. (3-5).

Scheme for the Wing and Multipropeller Interference Problem
In Prandtl's theory, the planform reduces to the lifting line

as the limit of the chord to span ratio approaches zero. In
the same spirit, the effective height of the stream behind the
propeller, which is of the order of the chord, reduces to zero
as compared to the span. On the other hand, the total
spanwise spread of the streams behind all the propellers can be
of the order of the span. For propellers placed ahead, behind
or in the middle of the wing, the horizontal distance xp from a
propeller disk to the lifting line and the vertical distance
between the axis of a propeller and the lifting line will both
be at most of the order of the chord and equal to zero in the
scale of the span. Consequently, the propeller streams reduce to
a thin sheet extending from the lifting line backward in the same
plane as the trailing vortex sheet as shown in Fig. 4. Because of
the momentum gain across the propeller disk the velocity
distribution inside the propeller streams will differ from the
outer undisturbed velocity by a finite amount. The thin sheet of
the propeller streams is therefore equivalent to a thin sheet of a
jet carrying a momentum J(y) per unit span equal to the
sectional momentum gain across the propeller disk, i.e.,

J(y) = P\ \U(y,z)-U^U(y,z}dz (6)

U(y,z) is the velocity distribution behind the propellers. The
integral involves the momentum difference instead of the
momentum because the integral in Eq. (6) balances the sectional
thrust force across the propeller disks.

Because of the momentum J(y) carried by the thin sheet, the
bending of the sheet implies a change in vertical momentum
which has to be balanced by the pressure across the sheet.
Their relationship is

Ap = p(x,y,Q+)-p(x,y,Q-) = -J0x(x,y,0) (7)
where 9 at z = 0 is the inclination of. the sheet. The pressure
difference can be related to the x component of the disturbance
velocity outside of the thin sheet by means of the linearized
Bernoulli's equation

Ap = -pUn |>(x,y,0+)-W(x,y,0-)] (8)

The jump in u across the thin sheet is equivalent to a
vorticity distribution of surface density y(x,y) which is now

SECTION A-A SECTION B-B
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Fig. 4 Proposed scheme for the multipropeller (with propeller radius
smaller than chord).

related to the curvature of the sheet through Eqs. (7) and (8) as
follows

y(x, y) = - Ap/(p 17 J = JOX (x, y, 0) (9)
Since the flow inclination is continuous across the thin sheet of the
propeller streams while the downwash, which is equal to the
inclination times U(y, z), does not have a limit at the thin sheet,
it is desirable in the present problem to work with the flow
inclination instead of the downwash. The flow inclination is
related to the surface vorticity distribution and the circulation
along the lifting line by the following integral relationship:

9(x,y,z)= I G(x,y-n,z}r(ri)dri+\ G(x,y-ri,z)rj'(r])dr,+
J -S J-oo

/*oo /*oo

*JO J-o
(10)

where

G(x,y,z) = xy
-211/2

1

The circulation Tj(y) is the contribution of the sectional force
pU^Yj(y), required to deflect the propeller momentum to the
local inclination, i.e.,

r»=-.%)0(0,y,0)/(pt/J (11)
Both Yj and y are proportional to the momentum J(y), therefore,
the spanwise integrations in the second and third integrals in
Eq. (10) will be restricted to the interval where J(y) ^ 0.

The circulation T(y) is related to the sectional lift of the airfoil
or to the lift coefficient CL as follows

T\y) = L(y)/(pUJ = ̂  C(y)CL(y, a) (12)
The effective angle of attack a(y) is now related to the geometrical
angle of attack and the inclination 0(0, y, 0),

*(y) = xg(y)-0(Q,y,Q) (13)
Equation (13) is equivalent to Eq. (5) in Prandtl's theory.

At a section outside the propeller streams, the lift coefficient
CL in Eq. (12) is determined in the same manner as in
Prandtl's theory in Eq. (4). At a section y0 inside the propeller
streams, the lift coefficient CL (y0> a) will be obtained from the
analysis of the airfoil section in a two-dimensional nonuniform
stream in the x — z plane with a prescribed velocity jump
U(y,z)— U^ across the propeller disk.
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Equations (9-13) are the governing equations for the wing and
multipropeller interference problem. The points inherent in
Prandtl's theory hold also in the present formulation. In addition
the following remarks will be made:

a) The governing equations involve only three functions
C(y), J(y) and CL(y,a) which are specified by the data of the
wing and the propeller streams.

b) Similar to Prandtl's theory, among all the geometries
which specify the planform only the chord distribution C(y)
will influence the solution. The influence of the detail geometry
of the airfoil section appears implicitly through the lift
coefficient CL.

c) Only the integral J(y) of the momentum gain across the
propeller disks appears explicitly in the governing equations.
The influences of the details of the velocity distribution behind
the propeller streams and the locations of the propeller disks and
the propeller axes appear implicitly through the sectional lift
coefficient CL.

d)The determination of the sectional lift coefficient CL(y, a) is a
tedious two-dimensional rotational flow problem. For propellers
placed at a few chord length ahead of the leading edge of the
wing, the influence of the wing on the velocity distribution
behind the propeller can be ignored. The velocity distribution
behind the propeller disk can be prescribed as the upstream
condition in the analyses of the flow around the airfoil section
and the analyses can be carried out by the numerical programs
in Ref. 9 and 10. Some examples of the analyses are presented
in Figs. 2 and 3 showing the variations of CL. When propeller
disks are within a fraction of the chord length ahead of the
leading edge or behind the trailing edge or are in the middle
of the wing, the finite difference program10 for the calculation of
CL has to be modified to handle a prescribed jump of
momentum across the propeller disk.

It was shown by Friedrichs13 that Prandtl's lifting line theory
can be rederived systematically by an asymptotic expansion with
respect to the chord to span ratio. Equations (3) and (4)
become the equations for the leading outer and inner solutions
and Eq. (5) is the matching condition. In Van Dyke's
formulation,14 an additional assumption that the wing is thin and
at a small angle of attack is imposed and explicit solutions
are obtained.

In the next section the method of asymptotic expansion and
matching will be employed to rederive in a systematic manner
the governing equations presented in this section for the wing
and multipropeller interference problem. In order to allow for
finite di^urbances in the local sectional analysis, the assumption
of a thin airfoil will not be imposed and the analyses in the
next section will proceed in the same manner as in Friedrichs'
formulation.13

Systematic Formulation of the Wing and Multipropeller
Interference Problem

For a wing with multipropellers, the location of a propeller
disk xp and the height of the stream behind the propeller are
of the order of the midchord C0, while the spanwise spread K
of the combined propeller streams can be of the order of the
span 25. The spanwise scale can be either K or S. The vertical
and the streamwise length scale can be either the propeller
radius or the midchord C0. Near each propeller disk, the flowfield
has another length scale b which is the chord of a propeller
blade. Since the chord of a propeller blade is much smaller
than that of a wing, details across the propeller disk can be
ignored in the limit of b/C0 -» 0. For the undisturbed flow, i.e.,
in absence of the wing, there is a uniform flowfield of velocity
U^ ahead of the propeller disks and a nonuniform parallel
stream behind them. The undisturbed velocity can be written as

v (x, y, z)=Uaoi for x < xp/C0 (14a)
= iU(y,z) for x > xp/C0 (14b)

where x = x/C0 and i is the unit vector along the x axis and
the independent variables are nondimensionalized by the appro-

priate length scales for the propeller streams. To illustrate the
effect of scaling in the limit of e - C0/S -* 0, the undisturbed
velocity in the scale of S becomes
v (x, J7, z)= l /^i for x < 0 (15a)

= U i for x > 0 except the cut along z = 0
(I5b)

where x = ex = x/S and z - z/S. The property that U(y, z) -> Um
as |z|-> oo has been employed in converting Eq. (14b) to
Eq. (15b). In order to balance the momentum, the gain in
momentum across the propellers will now be concentrated in the
cut. In other words the cut represents a thin sheet of jet with
spanwise momentum distribution J(y) defined by the integral

l-l/Jdz (16)

It should be pointed out here that the propeller disks may not
be co-planar. In that case, an xp has to be assigned for each
propeller disk and Eqs. (14a, b) will be applied for each
propeller disk. The differences between the x^'s will be important
in the inner solution but they do not contribute to the leading
terms in outer solutions for which xp/S is equated to zero as
indicated in Eqs. (15a, b)..

When the wing is present, the disturbance velocity will
depend on the small parameter e which is the ratio of the mid-
chord to the half span, i.e.,

1 > e = C0/5 (17)
Because of the two different length scales C0 and 5, three

different representations will be assumed for the three regions
of the flowfield.

For the outer region, i.e., away from the wing and the
propeller streams the disturbance velocity components u, v, w
and the disturbance pressure p will be represented in the scale
of the half span as follows

u(x,y,z,s) = d7(1)(x,y,z) + 0 (e) (18a)
v(x,y,z,s) = w(1)(x,y,z) + Q (e) (18b)

vv (x, yt z, e) - ew( l \x, y, z) + 0 (e) ( 1 8c)
p(x,y,z,e) = ep(1)(xj,z)+0 (e) (18d)

For the inner region, i.e., near the wing or the lifting jine, the
disturbance velocity components u, v, w and pressure p will be
represented by scaling x and z variables with respect to the mid-
chord as follows

(19a)
(19b)
(19c)
(19d)p(x,y,z,e) = p(0)(x,?

There is a third region where the variation in z direction is
scaled by the midchord while the x and y variables are scaled
by the half span to represent the disturbance velocity and the
pressure inside the propeller streams. They are

u(x, y,z,e) - w(0)(xj,z)+0 (1) (20a)
8 (x, y, z, e) = sv( 1 >(x, y , z) + 0 (e) (20b)
# (3c, yf z, e) = ew( 1 '(x, y , z) + 0 (e) (20c)
p (x, y, z, e) = sp(1)(x, y, z)+0 (e) (20d)

The leading terms for different regions and different components
are not the same. Their appropriate order of magnitude are
guided by the physical intuitions in the development of the lifting
line theory and the thin jet theory. For example, in the outer
solution the disturbance quantities should vanish as e -> 0 and
in the inner solution the spanwise variation, and hence v are of
higher order. Of course, the analysis can begin with the
assumption of a power series expansion in & for all the quantities
without discarding a priori any term of the order unity and
the systematic matching procedure14 will yield the results for the
leading terms in Eqs. (18-20). This is omitted here, so that full
attention can be devoted to explain how to use the matching
procedures to obtain the governing equations, some of which are
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difficult to foresee in the proceeding section from the physical
intuitions alone.

It should also be pointed out here that the flowfield is
assumed to be incompressible, rotational and inviscid, therefore,
the physical conditions are the matching of pressure, mass flux
and inclination. There can be discontinuity in velocity across a
stream surface.

Inner Solution
The analysis will begin with the inner region. Equations (18a-d)

will be substituted to the Euler equations and the continuity
equation and the coefficients of like powers of s will be equated
for each equation. The leading equations are

(21a)
(21b)

and
M<0)w5

(0) + w(0)w-<0) = (- l/p)ft(0) (21c)
This represents a two-dimensional rotational flow in the x — z

plane with y as a parameter. They can be reduced to a_single
equation for the_ stream function \/s(0\x,y,z) _with i/^(0) =
(/(y,z)+M(0) and </^(0) = - w(0). The equation for ̂ (0) is

#5(0) + #H (0 )=-o>(tf (0 )) for x>xp/C0 (22a)
and

fe(0) + fe(0) = 0 for x<xp/C0 (22b)
where CD is the vorticity created behind the propellers and is a
given function of stream function. In case that the propeller is a
few chord lengths ahead of the wing (x < 0), the disturbance
of the airfoil on the flowfield immediately behind the propeller
disk (x = xp+0) can be ignored. A boundary condition at
x = xp

+ can be imposed,

1= f U(y,z')dz'
Jo

(23a)

The a;-function in Eq. (22a) will now be implicitly related to
i/f(0) by the condition,

co($™)=-U-2(y,z) (23b)
With Eq. (23a, b) and the boundary condition on the airfoil, the
nonlinear Eq. (22a) for the domain x > xp can be solved
numerically by the numerical program in Ref. 10.

In general Eqs. (22a) and (22b) will be coupled by a jump
condition across the propellers. Since Eqs. (22a, b) involve only
two variables x and z, their solution subjected to the boundary
condition on the airfoil can be obtained by a modification of the
existing finite difference program in Ref. 10.

From the local two-dimensional numerical analysis, the
relation between the sectional lift coefficient CL(y, a) and angle of
attack a will be obtained and the sectional lift is

, a) = L(y, a) (24)

Third Region (the Propeller Streams behind the Wing)
For the third region, i.e., in the propeller streams, Eqs.

(20a-d) are substituted into the continuity equation and the Euler
equations and the coefficients of like powers of e in each equation
are equal to zero. The leading equations are

(25a)
0))-z = 0 (25b)
~^(1)/P (25c)

and
0 = P-,(1)/P (25d)

Eq. (25d) implies p(1) is independent of z and the matching
conditions with the outer solution yields

p(1)(x, y,z = 0+) = p(1)(x,jO = P(1)(5c J,z = 0-) (26)
Equation (26) says that the pressure is continuous to the order of
e at the plane z = 0. It will become obvious in the analysis
for the outer region that p(1) is an odd function of z and Eq. (26)
yields

p(1) = 0
Elimination of w~(0) from Eqs. (25a, b) gives

(27)

sS(1\ which is the inclination of the stream line with respect
to the x — y plane, is now independent of z. The conditions
for the matching of the inclination 9(1) with the outer solution
0(1) yield

S(l\x,y,z = 0+) = §(1)(x,y) = 3(1\x,y,z = 0') (28)
Also Eqs. (25b and c) can be rewritten as

= 0 and t;s(1) = 0 (29)
where d/ds is the derivative^along a stream line in the x— z plane.
With the stream function $(1) defined by the integral

)= \
Jo

j;,0)rfx (30)
o o

Eqs. (29) and (30) imply that the velocity components l/ + w(0)

and 0(1) are functions of $(1) and y only. The integral of the
momentum gain across the third region, which is an integral of
(/ + w(0)— U^ with respect to $(1), is a function of j; only. By
matching with the inner solution, i.e., w(0)(x-»0+, y, z) =
w(0)(x-» oo, 3;, z) = 0, the momentum integral across the third
region is identified as the sectional momentum gain across a
propeller disk

poo1 = pc0\ (u-
J — 00

UJUdz =

(31)
Eqs. (28) and (31) confirms the standard thin jet sheet approxima-
tions that the inclination is constant across the sheet and the
momentum integral is constant with respect to x.

The next order momentum equation in the z direction is

The conditions for matching with the outer solution above and
below the third region, i.e., z -> 0+ and 0~, respectively, are

Similarly the matching of stream function £$(1) in the x-z plane
with the outer solution gives

lim [i?(1)(x,3;,z)-z[/J = i/?(1)(x,);,0±) = 0 (34)
r-» + 6c

For the first-order outer solution the z component of the
momentum equation yields pUQ0

2S^(1)= — p-(1) Equation (33)
becomes

lim [p(2)(3cj,z)+p[/^2z^(1\x,j;,0±)]=p(2)(x,y,0±) (35)
r-*±GO

With the aid of Eqs. (34, 35, and 31). The integration of
Eq. (32) with respect to z across the third region becomes

Ap<2> = p(2)(xJ,0+)-p(2)(x, y,Q')

(1) (36)

When e2Ap(2) and e§(1) are identified as the pressure difference
Ap and the inclination 9 and the x derivative is replaced by the
x derivative times 5, the last equation reconfirms the equation
for the bending of a thin sheet of jet, i.e., Eq. (7) in the
preceding section.

Outer Solution
For the outer region, i.e., away from the wing, x2 -f z2 ̂  0, and

away from the propeller streams, z $ 0 when x > 0, the flowfield
is irrotational because the upstream velocity ^is uniform. The
disturbance velocity components can be related to the distur-
bance potential $ (x, y, z, e) which fulfills the Laplace equation

fe+fe+fe = 0 (37)
The disturbance pressure is related to the potential through the
Bernoulli's equation

i^2 (38)
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Eqs. (37) and (38) are equivalent to the continuity and Euler
equations. 0 (x, y, z, e) will be expanded in a power series of s as
follows:

$(Z,y,z,s) = 8$(1\x,y,z) + s2$(2\x,y,z) + ... (39)
The velocity components and the pressure in Eqs. (18a, b, c, d)
are now related to $(1),

u^ = $~(l)/S, g(i) = ^ji)/Sf f fU> = #Ji>/s (40a)
and

p^=-pU^^/S (40b)
The" disturbance potential 0(1) fulfills also the Laplace

equation. The solution of the equation is determined by specifying
the singularities at x2 + z2 = 0 and along z = 0 with x > 0 to
match with the inner solution and the solution in the third
region, respectively.

The matching of pressure with the inner solution or rather
the matching of its integral, the sectional lift force L(y, a) given
by Eq. (24), implies that there is a circulation distribution T(y)
along the y axis, the lifting line, such that the sectional lifting
force is L(y, a), i.e.,

r(y) = L(y,*)/(pUJ = %J^ C(y)CL(y,a) for \y\ < 1 (41)
The variation of T(y) requires a vortex sheet extending down-
stream behind the lifting line with linear strength rf(y)/S. This
is the vortex system in the well known lifting line theory
(see Fig. 4).

As a result of matching with the solution in the third region,
Eqs. (26) and (28) imply that there is no discontinuity in
pressure and inclination across the third region or that p(1) and
0(1) are continuous across the trailing wake in the outer
solution. Therefore, for the first-order outer solution, $(1), the
solution in the third region does not create any singularity in
addition to that of the lifting line.

First-Order Theory— Simplified Theory
Based only on the leading governing equations in the three

regions and their matching conditions, a simplified theory is
created. The inclination 0(1) in the outer solution at the lifting
line is related to the circulation distribution

(42)' = o y g = o )==
 l f 1 EM^

By matching with the inner solution, the effective angle of
attack a in equation CL(y, a) is the related to the geometrical
angle of attack vg(y), ct(y) = ag(y)-sS("(OJ.O) and Eq. (41)
becomes

TOO = i^ C(y)CL(y,oLg-sO(1)) (43)
Equations (42) and (43) are the governing equations for the

simplified theory. The equations are identical to the classical
lifting line theory except that the lift coefficient CL(y,a) for the
airfoil section inside the propeller stream is computed from the
two-dimensional analysis of airfoil in a nonuniform parallel
stream. In other words, the effect of propellers enters into the
simplified theory implicitly by the change in the sectional lift
coefficient du^ to the nonuniform velocity distribution behind the
propellers.

Since the simplified theory is a first-order theory, the error
decreases as s -> 0 or AR -» oo provided the sectional momentum
gain J(y) across the propellers is finite because terms proportional
to J(y) will appear in the second-order theory. It is well known
that the lifting line theory, which is formulated mathematically
for a large aspect ratio, is quite accurate even for moderate
aspects ratio as low as 2. Therefore, in the extension of the first-
order theory to the second-order theory, only the contribution
from the propeller streams which will be shown to be pro-
portional to s2J* where J* is the propeller momentum
parameter defined as

(44)

The accuracy of the simplified theory for moderate aspect ratio
depends therefore also on the propeller momentum parameter
J*. For a given s, the accuracy increases as J* decreases. This
prediction will be confirmed by the numerical examples to be
presented later.

Systematic Theory
Prior to improving the first-order theory, it should be pointed

out that the first-order solution $(1) is an odd function of z, and
Eq. (40a, b) together with Eq. (26) yields

w(1)(x > 0, j^O1) = 0 = p(1)(x > 0, £ 0*) (45a)
This result was employed to get Eq. (27). It should be noted
that although $~(1) or £{1) is also an odd function of z, £(1) is
discontinuous across the sheet z = 0. The value of u*1* above
and below the sheet differ only in sign, therefore, [£(1)]2 is
continuous across the sheet, i.e.,

p(1)(xj,0+)]2 = [S(1)(x,y,0-)]2 (45b)
with p(1) = 0 above and below the sheet, the Bernoulli's equation
for z = O1 becomes

p(2) = -pUoo u™-±p[_(v(i))2 + (rt^ (46)
Since 5(1), w(1) and (i;(1))2 are continuous across the sheet,
Eqs. (46) and (36) yield
u(2\x > OJ,0+)-il(2)(x > 0 J,<r) = - J(y)0^\xfy)/(pU^ C0)

This discontinuity in u is equivalent to a vorticity distribution
y (x,y)j on the x-y plane with
y(5c,y) = B2^2\xJ)=-J(y)s&^\x,y)/(pU^S) for x > 0

(47)
The momentum gain, J(y), across the propeller disks has to

adjust to the inclination e3(1)(0,y,0). This change in momentum
requires a sectional vertical force of the magnitude sJ@(1\ To
account for this sectional force for the outer solution there
should be a circulation distribution F7 (y) along the y axis with

pUaorj(y)=-Js6(i\Q,y,0) (48)
The system of singularities in the outer solution is now com-

posed of a lifting line with a circulation distribution r(y) for
the lift on the wing and another distribution F7 (j;) to deflect the
momentum of the propeller streams and a trailing surface with
a vorticity distribution y(x,y)]. The inclination induced by this
vortex system is

S(x,y,z)=

/*oo poo

*JO J - o

dr,G(x-t,y-r,,z)y(t;,r,) (49)

where

G ({,•/) =

f00 1 7 / 1 7: max —— —- -

The spanwise integrations for the second and the third integrals
are carried over the interval where J(r{) ^ 0. Equations (43) and
(48) provide the relation between 9, F and F7. They are

roo = i^ooC(y)cL(y,a,-9(oj,o)) (50)
and

rJ00=-J r(y)fl f(Oj,0)/(pi/j (51)
With 6 defined by Eq. (49), Eqs. (47, 50, and 51) are the
governing equations for y, F and Fj. These equations concur with
Eqs. (9-13) presented in the preceding section.

It should be pointed out here that the last two integrals in
Eq. (49) are the second-order terms added to sS(1). The appear-
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ance of y and Tj in the integrands causes the coupling of
Eq. (50) with Eqs. (47) and (51). y(x,y) and r,(y) represent
the contribution of the propeller streams to the vortex system
of the outer solution. They also account for the difference
between the present analysis and the simplified analysis. Their
order of magnitude as compared to the basic vortex system of
the wing T(y) can be obtained from Eqs. (47, 50, and 51). The
results are

CONTOUR OF PROPELLER STREAMS
• Z/Co UM>I

and (52)
where J* is the propeller momentum parameter defined in Eq. (44).

For a wing of moderate aspect ratio, e can be of the order of
\ while J* can be of the order of 2 or higher during takeoff,
therefore, J*£ will not be small and the contributions of F7 and y
may produce significant difference between the present analysis
and the simplified analysis. Their differences will be demon-
strated by the numerical examples in the next section.

Numerical Solutions and Examples
In order to avoid numerical evaluation of the derivative of S

with respect to x in Eq. (47), the equation will be integrated
with respect to x. The result is

X

S) for x > 0

(53)
Equation (53), together with Eqs. (50) and (51) will be the
governing equations for F, F7 and y. These equations will be
supplemented by the following boundary conditions

y= ±1 (54a)= 0 at
= Q and y(x,y) = Q when J(y) = 0 (54b)

and
y (x -» oo, y) = o(x~ *) (54c)

The first two equations insure the span wise continuity of pressure
at the wing tips and at the edges of the thin sheet of propeller
streams. The last condition is imposed so that the integral in
Eq. (53) has a limit as x -» oo.

For the simplified theory, the governing equations, Eqs. (42),
and (43), are identified to those in the lifting line theory with a

CONTOUR OF PROPELLER STREAMS
|Z/C0

0.5

—— — -CLASSICAL ANALYSIS
—————— MODIFIED CLASSICAL ANALYSIS
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00 000SIMPLIFIED ANALYSIS
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Fig. 5 Spanwise lift distribution with overlapping multipropellers with
low-momentum gain (J* = 0.75, e = |).

Fig. 6 Spanwise lift distribution with overlapping multipropellers with
high momentum (J* = 4, e = |).

prescribed lift coefficient CL (y, a), therefore, the numerical solu-
tions can be obtained by Glauert's method.15

For the systematic theory, the numerical solutions of Eqs. (53,
50, and 51) will be obtained by a method similar to that in the
lifting surface theory.15 F(y) and rj(y) will be represented by
polynomials of y. The surface distribution y (x, y) is replaced by
discrete horseshoe vortices of strength F. (y) = yAx located along
xf = i'(Ax). Each Tt(y) will also be represented by a polynomial
of y. These polynomials will fulfill the boundary conditions of
Eqs. (54a, b, c). The unknown coefficients in the polynomials of
r(y), Fj(y) and F^j;), F2(y)... are determined by a system of
algebraic equations obtained by fulfilling Eqs. (53, 50, and 51) at
a discrete set of points. Details for this numerical analysis are
described in Ref. 6.

It has been emphasized in the preceding sections that the
location of the propellers relative to the wing and the detail
velocity distribution U(y,z) behind the propeller disks influence
the solution only through sectional lift coefficient CL(y,a). Since
the search for the wing and multipropeller interference experi-
ments, which provides also a survey of the detail velocity distri-
bution U(y,z), has not been successful and it is time consuming
to compute CL for an airfoil in a nonuniform stream, the
numerical examples in this paper will make use of the available
CL functions computed for special airfoil sections in nonuniform
streams as shown in Figs. 2 and 3. Although in these computa-
tions the nonuniform velocity profile is prescribed as the up-
stream condition, the application of these CL functions to the
present problem is consistent with the PrandtFs hypothesis, i.e.,
the matching of the outer solution in the scale of span near the
lifting line with the inner solution at a distance large relative
to the chord. In practice, the CL functions can be used as good
approximations for the propeller disks placed at one or two chord
distances ahead of the leading edge. In this case, the position of the
propeller disk does not appear in the problem except in the sense
that its distance xp from the lifting line be large enough that
Figs. 2 and 3 apply but small compared to the span.

The CL functions in Fig. 2 are employed for the numerical
examples in Figs. 5 to 8. The wing is a flat plate with elliptical
planform with 5/C0 = 3. The geometrical angle of attack is 8°.
In each figure, the cross section of the propeller streams is shown.
The sectional height is 2h(y). The velocity Uj inside is uniform.
For each ratio of U JU^ 1.5 or 2, the CL/a curve in Fig. 2 is a
known function of h(y)/C(y\

The contours of the propeller streams in Figs. 5 and 6 are
ellipses with major axes equal to 2C0. The minor axis is C0/2



JULY 1972 INTERFERENCE OF WING AND MULTIPROPELLERS 913

CONTOUR OF PROPELLER STREAMS
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Fig. 7 Span wise lift distribution with four propellers with low-
momentum gain across propeller (J* = 0.75, s = j).

in Fig. 5 and C0 in Fig. 6. The velocity ratio Uj/U^ is 1.5 in
Fig. 5 and 2 in Fig. 6. It is clear in Fig. 5 that the span wise lift
distribution given by the simplified analysis is very close to that of
the systematic theory since the momentum parameter J* is 0.75.
In Fig. 6 the result of the result of the simplified analysis is less
satisfactory because of the larger J* which equals to 4. For the
special case that the contour of the propeller streams is an ellipse,
the classical analysis has been adapted to generalize the circular
contour in the assumption 1 to an ellipse.6'7 Curves labeled
"classical analysis" in Figs. 5 and 6 are obtained without any
modification to the assumption 4, i.e., the values for CL outside
and inside the propeller stream at 2na and 27ia(t///L/00)2,
respectively. The "classical analysis" is therefore an extension of
the Koning's theory2 to propeller streams of elliptical contour
by the method of conformed mapping.6'7 For the curves labeled
"modified classical analysis" the assumption 4 in the classical
analysis is modified so that the CL function is related to the
sectional height of the propeller stream as given by the curves
in Fig. 2.

The "modified classical analysis" is an extension of the analysis
in Ref. 12 for the propeller streams with a circular contour to
those with an elliptical contour and is described in detail in
Sec. II-B1 of Ref. 6 and in Sec. 2 of Ref. 7. Although the
modified classical analysis, the simplified analysis and the
systematic theory employ the same sectional lift to angle-of-attack
relationship L(y,a) given by Fig. 2, they differ in the three-
dimensional vortex systems. In the modified classical analysis, the
circulation T(y) is L(y,a)/(pUj) and L(y,OL)/(pUao)f respectively,
for the wing section inside and outside the propeller streams.
In addition there are additional vortex systems to fulfill the
boundary conditions across the interface between the propeller
and the outer streams. In the simplified analysis, the circulation
F(J;) is L(y,a)/(pU^) for the entire lifting line and there is no
additional vortex systems. The systematic theory differs from the
simplified theory by the additional vortex systems due to the
bending of the thin sheet of the propeller streams.

In both Figs. 5 and 6, the spanwise lift distribution of the
"classical analysis" is higher than that of the "modified classical
analysis." The difference represents the effect of the finite sectional
height of the propeller streams. In both figures the lift curve given
by the modified classical analysis is higher than that of the
systematic analysis and also the simplified analysis. The difference
shows that the effect of extending the propeller streams to up-
stream infinity relative to the span in both the classical analysis
and the modified classical analysis.

Figures 7 and 8 show the spanwise lift distribution with four
propellers. The contours for the propeller streams are the same in
both figures. The velocity Uj inside the stream is 1.5 U^ in Fig. 7
and 2 17̂  in Fig. 8. In Fig. 7, the propeller momentum para-
meter is smaller (J* = 0.75) and there is good agreement between
the simplified and the systematic analysis. In Fig. 8, the para-
meter is larger (J* = 2) and the difference between the simplified
and the systematic analysis is slight but noticeable.

Figure 9 shows the application of the present analysis for the
case that the velocity distribution U (y, z) behind the propeller
streams is nonuniform and merges continuous into the outer
uniform velocity U^. In order to make use of the CL given
in Fig. 3, the airfoil section is the same Joukowski profile
described in the introduction for Fig. 3. The planform is again
elliptic with S/CQ = 3. The geometrical angle of attack is 4°. The
nonuniform velocity distribution is assumed to be
U(y,z)/Un = l + exp{-(1.81)2[(y-1.5C0)2 + z2]/C2} +

exp{-(1.81)2[(j;+1.5C0)2 + z2]/C2} (55)

CONTOUR OF PROPELLER STREAMS
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Fig. 8 Spanwise lift distribution with four propellers with high-
momentum gain across propeller (J* = 2, g = 3).
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Fig. 9 Spanwise lift distribution with two propellers with nonuniform
velocity distribution given by Eq. (55).
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so that at each station y, the velocity profile is given by the same
function of z specified in Fig. 3. The coefficient a(y) in Eqs. (1) is
identified as
a(y) = exp {- [1.81 (y- 1.5C0)/C]2} +

exp{-[1.81(y+1.5C0)/C]2} (56)
The velocity distribution in Eq. (55) simulates that of two
propeller streams with axes located at y = ±1.5C0 and z = 0.
In the present case, a boundary for the propeller streams is not
defined. Figure 9 shows the span wise variation of the momentum
integral J (y). With the dependence of CL on a (y) and a given by
Fig. 3 and with a (y) defined by Eq. (56), computations for the span-
wise lift distribution are carried out. Figure 9 shows that, with a
moderate J* of 1.5, there is a slight difference between the
simplified and the systematic analyses.

Conclusions
Based on the fact that the radii of the propellers are of the

order of the chord and are much smaller than the span, a
systematic analysis with the chord to span ratio as the expan-
sion parameter is presented. The analysis is very versatile. The
same scheme can handle either overlapping or non-overlapping
multipropellers without any restriction to the contour of the
propeller streams and to the velocity profile behind the propellers.
These statements are demonstrated by the examples in Figs. 5 to
9.

A change in the velocity distribution behind the propellers or a
change in the location of the propeller disks (whether ahead,
behind or in the middle of the wing) can be handled by the
same scheme with only a modification of the sectional two-
dimensional analysis for the determination of a new CL function.

For the special case that the overlapping propeller streams
have an elliptical contour and a uniform velocity, the classical
theory can be adapted to carry out some analyses. The numerical
results in Figs. 5 and 6 show that the classical analysis over-
estimates the influence of the propellers because of the use of
too large Q for the section inside the propeller streams and of
the extension of the propeller streams to upstream infinity in the
scale of the span.

From the systematic analysis, a simplified theory is obtained
which includes the effect of propeller stream on the sectional
lift coefficient in the local two-dimensional analysis but ignores
the equivalent vortex system of the propeller streams in the
global three-dimensional analysis. This simplified analysis is
quite accurate when the propeller momentum parameter J*
defined by Eq. (44) is less than unity.

The analysis presented in this paper can be applied directly to
the interference of wing with multiple jets.
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